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Abstract

J’or the cztrcmely  weak signal recc:iued from ihc Golilea  spacecraft, even
a Jraciion  OJ a d]] in symbol  signal-to-noise r(~tio (SNR) is significant to tllc
nlissio~k.  Y’his work was ?noiivated  by the n(cd for fLi:a~-(~llti?th~L?tL  dcf~Lodu  -
iaiion  oj ihc Galileo $ig?Lal. We present hcI e the Optinlurn phase detector
jor lracking square-wave subcarricrs  which ltavc km hulslwidth livnitcd  to
a finite number oj harmonics. The l~hase detector is oylin[u~n in the smsc
that t]Lc 100]J  signal-to-noise ratio (SNR) is Inaxi?nized  aIId hmee tile llMS
phase tracking error is minimized. The opiilnum  phase  dclcclor  is easy to
impkmmt and achieves substantial i?nprovefnent  over t/Le i~litial  phase de-
tector (0. 1 to 0.3-dB improvement in symbol SNli).  WC also present the
optimum weights to contbine  the sigl~ah denl odulatcd  jronl, each of the har-
monics. The optimunl  weighting provides an SNR improvmlcnt  oj 0.1 to
0.15 d]] when the subcarricr loop SNli is low (15 all]) and the number oj
harmonics is ]Ligh (8 to 16).

1 Introduction

‘1’hc Gali]co s])acccraft has a very weak downlink sigl]al duc to fai]urc of the
lligl] gain  antenna to dcp]oy. ‘] ’hcrcforc, ihcrc  has been a major Mort in the NASA
]X:cp Space Network to insert ncw tcclmology {o improve data rccc])t,ion.

For LIIC cxtmncly  weak signal rcccivcd froln the Gali]co  s]jacccraft,  even a
fraction of a d]] in signal-to-noise ratio (SNR) is sig]]ifica]li  to the mission. ‘1’0
avoid the risk of loosing data when the tracki]lg 100]H lose lock, wc usc a “full-
s]mctrum’) rccordcr  to record the dow)IcoIwcrtcd  signal. ‘1’0 p,ain additio]lal  sylnbo]
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SNli,  wc record the same signal from various alltcnna,s,  trans~nii thcm to a cc]ltral
location, align thcm,  and combine thcln. F’or example, by adding a signal froln
a 34-lllctcr antcnlla  to that from a 70-nlctcr  antcnlla,  wc gairl about 0.68 d]]
assuming pcrfcctj signal a]ignmcnt.

]Iccausc the tclcmctry  signal is on a square-lvavc subcarricr,  the rcccivcd  signal
is ]Iot band-limited. So, recording tllc full-spccirum  si.qlal  is uot practical, hcncc
only the first four harmonics  arc rccordcd by Ihc l’ull Sl)cctrum  ltccordcr,  The
rccordcd signal then goes into the Buffered ‘1’clcmctry  1 lcnlodulator  (1~’1’11)  that
is sl)ccially  designed to demodulate the fh-st f(mr harmonics of the square-wave
subcarricr.

‘1’his work was ~llotivatcd  by the need for ucar-optilnun]  demodulation in the
11’1’1].  Sillcctllcl lrl’lli sasoft,\\’arc(  lcIrlodulator,”  it impractical totailorthcpro-
ccssing  ]norc closely to the Galileo sigp]al conditions thal] would bc l)ractical in
real-time h ardwarc  systems, .such as the Block V R,cccivcr.

The subcarricr  phase detector initially iml)lcmcntcd in the 11’1’1) uses a win-
(lo~villg  tccllllic~~l[:  silnilartotllat  used ill the AdvaI1ccd ltcccivcr 11 and the IIlock
]T ]<,cc(:ivc:r  []] ~llt]nodificd  fort}lc  foul.~la,rlllolli~  casc. Ill tllcillitialIl~’l>~~llasc
detector, tllcrc is a parameter, W.., which is analogous to tllc fractional window
width in a square-wave subcarrier  phase detector. As show]l ill Fig. 1, this phase
detector rcsu]ts  in a degradation (loss in sylnbo]  SNR duc to harmonic truncation
and phase tracking error), which dots ]lot mo~]otonically  dccrcasc as the l]ulnbcr
of harmonics incrcascs 1. In fact, when the tracking crwn is large, and whc]l the
llarvnollics  arc combined using the usual 1/n l!’cightillg fol tfhc nth harmonic, it
is solllctilncs bcttlcr  to usc only four harmonics than to usc all harmonics. ‘1’his
suggests two tllillgs:  first,, it tells us that the p]lasc dctcctol  lnay not Lc usillg  tllc
harlnonics  optimally; and second, it illdicatcs that tllc dcI1loclulatcd  harlnonics
may not bc optimally co~nbincd.

‘1’hc phase detector used in [3] is derived fro] n a window used on a square-wave
subcarricr  loo]). ‘1’his phase detector may not bc optimum for a fillitc-llarlllollic
subcarricr.

As a lmvious work [2] indicates, the higher harmonics have larger phase noise
jitters. Thcrcforc, the cffcctivc signal alnplitude  on the n-tlh IIarmonic is no longer
1 /71 but  so]Ilc nulnbcr  smaller than that,. ‘1’hc optimum wcigllt,s  to colnbinc the
dclnodu]atcd  l]armonics should account for the SNR 10SSCS (Iuc to the loop.

2 Optimum Phase Detector

IIcrc wc derive a phase detector (1)11)  that  is optimum ill the sense that the

] Work done by 1). l{,ogstad  and Y. Fcria,  Jet I)roplllsion l.aboratcny,  l’asaclu]a, CA., Oct.
1994
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100]) SN1t is maximized. ‘1’o SI1OW  the derivation, let us fimt, look at tl)c phase
dctcct(or  initially used in 13’T1). The initial ])hilSC clctcdor is the product of the

8 =1. - 1 1m]nbind  in-~hasc  signals ~~dk  COs ~c~ Ln: o (271+ 1)2— —- COS[(27L  + 1 )~),~] and the

COlllbilK!d  qUadra~UrC  si~llals  ~~k Cos &;%” ~~~=i  % ~~~-] ‘ii)~ [(271 +- l)~~~C], w h e r e
the 10,,’s arc the weights used to combine tkc quadrature sig~lals.  In Lhc initial
phase detector ill the WI’]), these wciglltls  arc

sin[(2n -i 1)~11~,.]
wri =

271 -t 1

‘1’hc loop SN1{,  using t,hc initial 131’11 is derived 2 as

0/32 1$p,c c ..-–. –. (a+ - .!___ )- J
yBsC N,, 2Ji,/No

where
8 1’=4 1& = -— }2 –-—  <-~

7r2 ,,=0 (2?t -! )

wllcrc 1. is the total  number of harmonics used in the ])l)asc detector, l)~/No is

(1)

the data power-to-noise ratio, }~s/NO is the sy]l]bol SNI{, and IJ,C is the subcarricr
loop bandwidth.

Now in order to maxilnim  the subcarrim  100I) SNIL P,C, IcI w~, k == 0, . . . . IJ– 1,
h ullknowl]  and a lx the same as before, and difI”mllti:lto  the IOCP SNIL ps~,

}?ri th r~s] )(!d  to ?f)k a~]d Sd the (!xl)r(!ssiol]  to ~.~ro. W(! t] ](!] I h ~~v~,

~fsc =, ______ _____ !i_. ._2@’7 – 2~2’[i]k  ] ] $ ‘
Ihk 72 IJ,C N. CY + 1 /(2h./N,,)

_—. o I

Si]~cc  Pal/No +- O, a # O, and T, 1~.c arc finite, the above  is mm if arid only if

‘y -- ~tf)k = O

‘J’l]atj  is,
1.-1 1.–1
~ ~,~ - ~ t~,,?~k  L O
71=0 n= o

- .—. ——
211. g’sou,  l’rivatc  Commurlicatiol],  Jck I’ropulsiol] Laboratory, I’whna,  CA, Oct. 1994.
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which imp]ics that
u),, == u)~, for all n and k

‘] ’he conclusion is that  the optimum weights to combillc  tllc quadrature signals
ill tllc ~d}asc  dctlcctor  arc a constant for all (finite) llarlnonics. Note that, for,
infi II itc number  of harmonics, the paralnctm  /’~ and ~ do II ot conwrgc;  t hcrcfore;
the above wcigld]s  cauuot  be usd for square waves.

W}]cll t]]c o~)timum  weights am used in t ho ]dlasc detector, the 100]) SNIi
l)ccom(!s

], I’d —

“c= ~~;; No mi&JN[;j
(2)

Using the optimum weights in the IJhasc dctecior, and calling it the optimum
]Jlase dctect,or, wc can i]nprovc the loop SN1 t by 9.5 dl~ over the initial 11’1’11
with window size==],  and by 1.1 dB olrcr the initial 11’1’11 witjll  window sizc==l /4
(SCC l“ig. 2). ‘1’he same figure also shows that lwing the ol)timum phase dctcxtor,
the loop SNlt obtained by using only onc han))onic  is higher than that using tllc
initial 11’1’]1 with window size 1 or 1 /2. Note that  whcJ] wc {m o]lly one IIarlnonic
in the o})timum phase detector, wc may still usc all tlhc available harmonics to
de]]lodulatc  the subcarricr.

l)cgradations due to a finite-harmonic subcarricr  loo]) call bc coml)uted using
tllc expressions given in [1]. ]Icgradations  as a function of the ]mmbcr of harlnonicx
arc showJl ill Fig. 4 . Clearly, WC can observe  that usi]lg the opti]num  phase
dctcctror, wc obtained a lcnvcr  degradation with mom hat]no]lics$  ‘J’his agrees with
our intuition.

With the increase of the loop SNI{, that is, with tile i]lcrcasc  of numbcx  of
harmonics, the linear region of the normalizc(]  S-curves s1}ow1l  in Fjg.  3 shrinks.
As the ~lulnlwr of harmonics approaches infinity, the lineal  region of the S-curve
vanishes. lu other words, this optimuln  phase dctlector  is valid only for a fil]itlc
mllnbcr of IIarlnollim.

3 Optimum Combining Weights in
Demodulation

‘1’hc demodulated harmonics arc normally combi]lcd  wit]] weight 1/n for the n-
th llarlnonic.  Tl]esc wcig}lts arc optlirnum  if caf:h of tllc llarn)oIlics  of the subcarricr

iS d[!]nodll]atd  with the saJnc  phaSC  jitter. ]11 our Case, how(!vcJ’, wc know that,  if
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the first harmonic has a ]Jhasc jitter with a variance of o 2, t]l(!Il  tllc n-th h a r m o n i c

would have a varianccof  (na) 2 . ‘J’hc weight l/Tlisl lolf)l]g(:)cJ  l)til~lllll~.
‘J’o derive the optimum coll~l~il~i~lgwcigllls,  we assume tl]at  the llarmollics arc

combi]lml using unknown weights bf,. WC thCIl Cxprcss tllc sNli in Lcllns of t h e

wcigl]ts. l>iflcrclltiating  the SNR with respect to the weights and setting the result
to zero, wc should obtain  the optimum weights.

‘1’hc o~)tilnunl  weights to combine the clcmodulatcd harll]onics arc derived in
the aplmldix to bc

W h e n  {),C is assulncd

- .

~ = ~03[=2=:  fl)_@,[] 1
7L ——.. . (3)

Cos ~~c 2n  +- 1

to have a “J’ikhonov distribution, wc llavc

Assuming that  wc have 4, 6, and 8 harmonics, the dcgradatious  ill symbol
SN1{ duc to the subcarricr  loop versus the subcarricr-]ool)  SNIt  using the optimum
colnbilliug wcight(s  and using the usual 1 /n weights arc coln~)arcd  in i’igs. 5 to 7.

4 Approximate Optimum Combining Weights
in Demodulation

Since the cosine function is “smooth” in tl)c vicil]ity of m~o, for small l)hasc
jitltcrs, n{~.C,  the cxpcctcd value of cos(?@.C) can bc ap~)roximatcd  by

(4)

The a])])roxi~natc  opt imum weights ar(!

1)
1 - -  (27L +- 1 )2 0 2  1w -.———. —..—~~ w —— . .

1-- 02/2 2n + 1
(5)

N o t e  that  this approx imat i on  i s  va l i d  oIlly  whcu n~,,, is slnall. lJsing the
al)lwoximat,cd  opt inmm weights for four harm( )nics, the sy}]]lm] SNTR degradation
is only slight]y mom tha~l that using the optilnum  wcig]lts as shown in Fig. 5.

5  Ccmclusion

WC prcscntcd  all optimum way for tracking and dclnodulatillg  a fiuitc-harlnonic
subcarricr.  Wc found an optimum phase dclxxtor in the SCJISC that the ]oop SNI{,
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is maximimd.  ‘J’hc Jnom harmonics used, the }Iighcr  loop SIII{ we obtain. IIow-
cvcr, the linear region of the phase error  signal  shrinks willl  tllc incrcasc of the
number of harmonics. q’hcrcfore,  this ol]tinnm IJhasc dctccijor  is only appropriate
for a finite number of harmonics. Usillg the optimum ~)l]:wc detector, the loop
SN1{,  is about 9.5 dl~ higher than that of the iliitial B’1’11 using window sim o])c,
and is about 1 dll higher than  that  of tllc initial FYI’]  1 with window size 1 /4.

l~m dclnodulation,  wc found that  the optimum combining weights that amount
for the losses duc to the phase jitter. Colnlmrcd to using tllc usual 1/n combining
\i/(:ig]lts,  L]lc ~lsc of t})c optilnllln ~olll~illillg  weights can ilnl)rovc the symbol SNIt
by 0.1 to 0.15 dll at a low loop SNIt  (15 dl~) and high IIulnbm  of harmonics (8
to 16).
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Appendix

Derivation of the Optimum Combining Weights
in Demodulation

After each of the harmonics of the subcarricr  is demodulated, the signals from
cac.h har~nollic  demodulation need to bc combined. Assu I) IC t)] Lat tllc combining
wcigllt  for the (2n + 1)-th harmonic to lx b,,, t h e  signal  alnplitudc  at, the Lth
syln~o]  is

s = fid, ~os d).: ::0 b,L5;i$  .1 ~os[(~rl i 1)4s,] (6)

w)]crc 1>~ is the data ~)owcr, and {~. and #sC arc the }dlasc  oflscts  of carrier and
subcarricr  rcslmctivcly.  ‘1’hc noise  variance is

1)– 1 NO(# = ~ b: ---– l{,, YT,L
2

(7)
11= O

‘1’aking  the ratio of the average signal ~mwcr and tile IIoisc variance, wc have tllc
average symbol SN1 i of the combined signal

SNli  = ‘;;>
_—— —— .—

E{-j2Pd{cosh/!k ](>; ;;
(8)

l>if~crcntiating  the symbol SNll with rcspcci  to Lk, k ‘= O, . ...1,--1, wc have
_. ——— —

8(SNR) ~ J2COS2  $%$ _ _ _—.
al!)~ (Z~;=: %No&yd2

{ [

1,-1

‘ - 1

cos[(2n - }  1 )f$sc]  cos[(2k i- 1 )Ik] “-  ] 2
t 2~b,l—”

2Ti +- 1 2k + 1 ‘“
~ ~,,No&ynx

7L= o 7L: 1

[

1’–1 cos[(2n + l)$&
-  ~ b,,=T;FT---

?Lno
]2Wo&n}

-—— 0 (9)

Siml)lifying the above equation, wc have

{

~ ~os[(2} + 1 )&] “- ]

}
—  - - - - - ~  bf, -- ‘~ b,t~’)%~;:-.;-)~””l  b, = o

2k + 1’
(10)

71=0 ?1=0
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IJctting  k == 0, and bo == 1, we have

‘J’hat  is,

lrinally,  solving for b,,, wc have the optimum colnbining  wcip,llts,
—-——.  —— .—. .—
cos[(2?l -t 1 )&( 1

h,, == -–--;:4::-- —
..’$ 2n + 1
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(11)

(12)

(13)


